In this paper, we find a distribution solution of some PDEs of the operator ⊕ k , defined by (1), which is related to the wave equation and the diamond operator. The existence of the solution to these equations are proven.
Introduction
Many problems in differential equations involve with a derivative of the Dirac delta distribution, for examples, see ([2] , [8] , [9] , [12] , [13] ). In this work, first of all, we find a distribution solution of a δ-derivative equation of the partial differential operator ⊕ k , of the form
where m is a nonnegative number and a r is a constant with a 0 = 0. The operator ⊕ k is defined by
Some properties of the operator ⊕ k are studied in [3] , [4] and [5] . In fact, the operator ⊕ k can be expressed as the product of the operators ♦ k and ♥ k , that is ⊕ k = ♦ k ♥ k , where these operators are defined by
and
The famous operator ♦ k is known as the diamond operator, first introduced by A. Kananthai [2] . It can be expressed as the product of the Laplace operator iterated k-times k and the ultra-hyperbolic operator iterated k-times
Second of all, we use some results from the study of a distribution solution of a δ-derivative equation of the partial differential operator ⊕ k to find a general distribution solution of the nonhomogeneous equation
Finally, we modify the operator This paper is organized into 3 sections. In section 2, the preliminary note are given. It includes necessary Definitions and Lemmas which will be used in the proof of the main results. In section 3, the main results are presented and proven.
Preliminary Notes
n and Γ be the Gamma function. For any complex number α, we define the function
The function R 
Definition 2.2 Let
x = (x 1 , x 2 , . . . , x n ) ∈ R n and u = x 2 1 + x 2 2 + · · · + x 2 p − x 2 p+1 − x 2 p+2 − · · ·− x= {x ∈ R n | x 1 > 0, u > 0}. The function R H β (u) is defined by R H β (u) u β−n 2
Kn(β)
, for
where
and β is a complex number. The function R
H β (u) is called the ultra-hyperbolic kernel of Marcel Riesz. Note that R H β (u) is an ordinary function if Re(β) ≥ n and it is a distribution of β if Re(β) < n.

Definition 2.3 Let
for any complex numbers γ and η.
Lemma 2.4 Let D be a differentiation operator, δ(x) be the Dirac delta distribution and y(x) be any distribution, where x ∈ R
n . Then
Proof. See( [11] , p. 150-153). (3) , consider the equation
Lemma 2.5 Consider the equation
is the solution of such the equation, where S 2k (w) and T 2k (z) are define by (6) and (7) respectively, with γ = η = 2k.
Proof. See( [5] , p. 223).
Lemma 2.7 For k ∈ N we define
where (4), (5), (6) and (7), respectively, with
Proof. First, we will show that
From (4), by substituting α = 4, we have
.
By induction on k, we obtain
Similarly,
Next, we want to show that
From ( [7] Lemma 2.9(Eq.13)), by substituting ν = 0 and replacing k by k − 1, we have
Furthermore, since (2+2l−n) = −(n−2(l+1)), (12) is true. By using (9), (10), (11) , (12) and properties of convolution, we obtain (8) 
We take a convolution both sides by G k−m (x) and use Lemma (2.4). We obtain
. Take a convolution both sides by G m−k (x). We obtain 
Then the proof is completed.
Main Results
In this section, we describe a solution of some equations of the operator ⊕ k which is relate to the wave equation and the diamond operator. We use the results in previous section to show the existence of a solution.
Theorem 3.1 Consider the equation
where ⊕ k is defined by (1) , y(x) is an unknown function, δ(x) is The Dirac delta distribution, m is a nonnegative number and a r is a constant with a 0 = 0. Then
is the inverse convolution algebra of G k .
Proof. We take a convolution both sides of (13) by G k (x). Use Lemma (2.4), Lemma (2.8) and properties of a convolution. We obtain that
From equation (8), we have ∩
Thus by Lemma (2.9), we obtain that
The proof is completed.
Theorem 3.2 Consider the equation
where ⊕ k is defined by (1) , y(x) is an unknown function and f (x) is a given distribution. Then the general solution of (14) is
, and G k (x) are defined by (4) , (5) , (6) , (7) , and in Lemma (2.7) respectively. times for an even number n ≥ 4.
Proof. First, we find a solution of the homogeneous equation
From this equation and Lemma (2.5), we have
2 ) .
Take a convolution both sides of this equation by S 2k (w) * T 2k (z) and use Lemma (2.4) and Lemma (2.6), we obtain that
is the solution of the homogeneous ⊕ k y(x) = 0. Next, we want to find a particular solution of (14). We take a convolution by G k (x) to both sides of (14), by Lemma (2.4) and Theorem (3.1) with m = 0 and a 0 = 1, then
is the particular solution of (14). Hence, the general solution (15) of (14) is obtained by (16) and (17). We have completed the proof. In addition, we modify the operator
where k 1 , k 2 and k 3 is nonnegative integers. Let k 1 = k 3 = 0, k 2 = k, p = 1, x 1 = t and replacing n by n+1, the operator ⊕ k 1 ,k 2 ,k 3 is reduced to the n−dimensional wave operator iterated k-times
In this case, the equation (14) is reduced to the wave equation
From (15), we obtain that
is the general distribution solution of the n-dimensional wave equation (18), where n is odd number and n ≥ 3. Let k 1 = k 2 = k and k 3 = 0, the operator ⊕ k 1 ,k 2 ,k 3 is reduced to the diamond operator iterated k−times ♦ k . In this case the equation (14) is reduced to ACKNOWLEDGEMENTS. This research was supported by Chiang Mai University.
